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Ferroelectrohydrodynamics of ionic liquid ferrofluid 
surface instabilities and jets 

Lyon B. King* 
Michigan Technological University, Houghton, MI, 49931 

A suitably strong electric field, applied at the free surface of a conducting or 
even dielectric fluid, will exert electrostatic traction on the fluid surface that can 
stretch the meniscus into a pointed conical shape.1 Electrospray results when the 
field is strong enough to cause the tip of this ‘Taylor cone’ to exhaust a jet of 
charged droplets or ions.2 By exact analogy with electrostatically stressed dielectric 
fluids, magnetic fields can distort magnetizable fluids into identical pointed 
geometries,3,4 however magnetostatic jetting is never observed.5  It is believed, yet 
not completely understood, that electrostatic jetting is a result of finite charge 
conductivity, a phenomenon which has no parallel in the magnetic fluid. Recently 
Meyer and King have shown that it is possible to induce hybrid electro-
magnetostatic jets by exciting surface instabilities in a novel electrically conductive 
superparamagnetic liquid. 6,7  When this fluid is subjected to simultaneous magnetic 
and electric fields a self-assembling array of discrete and stable cone-shaped 
emitters forms spontaneously in the fluid surface.  While electrohydrodynamic 
flows, ferrohydrodynamic flows, and magnetohydrodynamic flows have long been 
studied separately, the ionic liquid ferrofluid described by Meyer and King is the 
first liquid to simultaneously respond strongly to electrostatic, magnetostatic, and 
Lorentz stresses, requiring a unification of EHD/FHD/MHD fluid physics.  The 
purpose of this paper is to begin an analytic description of the fluid mechanics 
encountered when electromagnetically stimulating a highly conductive ferrofluid to 
produce spray.  A potential energy analysis is used to describe the formation of the 
emitting cone.  A linear stability analysis is performed on the resulting jet, showing 
that magnetic effects can radically shift the stability bounds of an electrospray. 

I. Introduction 
Electrospray occurs when an electrostatic surface traction exceeds a liquid’s surface tension.  Because 

the field strength must be on the order of 109 V/m to overcome the surface tension of most fluids, 
electrospray is realized in practice by introducing the liquid through individual electrified hollow 
capillaries such that the spray emits from the high-field region at the tips of the sharp electrodes. While 
details of fabrication vary, all contemporary electrospray sources are purely electrostatic devices that are 
inherently identical in concept to the original apparatus of Zeleny.8 

The most well-known contemporary application of electrospray is to produce intact ionized 
biomolecules for introduction into a mass spectrometer,9 but the ability of electrospray to produce fine 
jets and monodisperse aerosols has been exploited for diverse applications such as synthesis of 
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nanofibers,10 production of pharmaceuticals,11 femtoliter-droplet direct writing onto surfaces,12 and as 
micro-scale ion thrusters for spacecraft propulsion.13  

Electrospray is an inherently micro-scale phenomenon.  Regardless of the size of the fluid volume the 
spray emits only from a micron-sized or even atomic-scale point that forms at the tip of the fluid Taylor 
cone.  Because of this, the mass throughput of any single electrospray emitter is constrained to very small 
values.  Many technological applications of electrospray could be improved by increasing the spray 
throughput, which can only be achieved by multiplexing many individual emitters in parallel.   For 
instance, the thrust force from an electrospray micro ion thruster can be increased by fabricating “on 
chip” arrays of multiple individual capillary emitters.14 Increased electrospray throughput could improve 
mass spectrometer sensitivity and increase the aerosol volume flow of industrial sprays. 15,16  

The Taylor cone instability of an electrified fluid has a magnetic analogue in the Rosensweig 
instability of a magnetized fluid.  When a magnetic field is applied to a so-called ferrofluid a static 
regularly spaced pattern of fluid peaks can form on the fluid interface as first demonstrated by Cowley 
and Rosensweig17 and investigated extensively thereafter.18-22  In 2013 Meyer and King working together 
with Jain and Hawkett6,7 synthesized a novel electrically conducting superparamagnetic liquid and then 
induced a Rosensweig surface instability in a pool of this ionic liquid ferrofluid (ILFF). A simultaneously 
applied electric field created a coupled instability that resulted in self-assembling arrays of parallel 
electrospray emitters.  The individual emission sites were borne from static crests in the geometrically 
constrained Rosensweig pattern that were further stressed by the electric field.  The Meyer and King work 
was closely followed by a similar demonstration carried out by Mkrtchyan on discrete droplets of a polar 
ferrofluid with low conductivity. 23 

Analytic models of magnetic pools, droplets, and jets have been studied since the first realization of 
ferrofluids in the 1960s.3,4,24-32  Electrohydronamically stressed conducting and polar liquids have 
received even more attention due to their wide technical utility in the field of electrospray.10,33-35 There 
has been some limited work on combined electric/magnetic fluids, mostly studies of equilibrium droplet 
shapes under combined field stress for instance by Tyatushkin,36 Dikansky,37,38 and Zakinyan. 39  The flow 
of a weakly electric and magnetic fluid was addressed by Tzirtzilakis in the context of biofluid 
dynamics.40 Ruo performed an analysis to determine the magnetic field effects on an electrospray jet, 
however the fluid itself was non-magnetic and the interaction was via the Lorentz force. 41 None of these 
studies examined the stability of a meniscus of a highly conducting ferrofluid under combined electric 
and magnetic stress as would be applicable to spray instability. 

The purpose of this paper is to begin an analytic description of the fluid mechanics encountered when 
electromagnetically stressing a highly conductive ferrofluid with sufficient intensity to induce spray 
instability.  First a brief discussion of the electro/magnetostatic peak formation is presented by analyzing 
how the fluid geometry affects the overall system energy.  This is followed by a more detailed analytic 
treatment of the stability of a cylindrical liquid jet stressed by electric and magnetic forces. 

II. A Potential Energy Analysis of Emitter Formation 
In the work of Meyer et al7 a magnetic field was applied to an ionic liquid ferrofluid (ILFF) inducing 

a Rosensweig instability pattern of five peaks in the pool surface.  A voltage was then applied between 
the fluid and an adjacent extraction electrode, stressing the ILFF and causing the peaks to grow taller 
(towards the extraction electrode) with decreasing apex radius of curvature.  This sequence is shown in 
Figure 1.  Once a critical threshold voltage was reached the curved peaks abruptly transitioned to a sharp 
point signaling the onset of beam emission. 
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Figure 1. A magnetic field is applied to a pool of ionic liquid ferrofluid resulting in a five-tipped Rosensweig 
pattern (A).  Subsequent application of an electric field stresses the fluid (C and D), elongating each peak and 
reducing the tip radius.  At a critical field an instability causes the tip to emit a beam of charged particles (B 
and E). 

The magnetostatic Rosensweig surface features created in the ILFF serve the same role as the 
electrified capillaries in conventional electrospray.  Namely they are a means to realize a pointed fluid 
meniscus that can be further stressed by application of an electric field to result in eventual spray from the 
cone tip.  However, while conventional electrospray is exclusively an electrostatic process, the current-
emitting instabilities observed here are simultaneously electro- and magneto-static manifestations.  Both 
the electric and magnetic field act in concert to stress and elongate the fluid meniscus in a way that 
neither field could accomplish alone. 

The behavior of the system is best described by analyzing the potential energy of the fields and their 
interaction with the fluid volume.  Let the surface of a pool of ILFF be described by the function z=z(x,y) 
where z denotes the vertical location of the fluid interface in the presence of gravity.  In the absence of 
applied fields the pool of ILFF lays quiescent and planar with z=0 simultaneously minimizing 
gravitational and surface tension potential energy. When the pool of ILFF is then placed within an electric 
and magnetic field the change in potential energy of the system due to the presence of the magnetized and 
conductive fluid is expressed as the sum of the gravitational, surface tension, magnetic, and electric 
potential energies as 

U =Ug +Uσ +UM +UE  
where the contributions of gravitational, surface tension, magnetic, and electric energies are 

 

 

Ug =
1
2
ρg z2 (x, y)dxdy∫∫

Uσ =σ 1+ ∇z( )2 dxdy∫∫
UM = H dB∫ dxdydz∫∫∫
UE = EdD∫ dxdydz∫∫∫
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The fluid is treated as a linear magnetic material having susceptibility χM  such that 

M = χMH = µr −1( )H  and H dB = 1 2HB∫ .  The magnetic energy can then be expressed as the sum of 

the vacuum magnetic field energy plus the additional energy contribution attributable to the presence of 
the ILFF in the field region: 

 

UM = 1
2

µ0H 0
2 dxdydz∫∫∫ − 1

2
µ0MH 0 dxdydz∫∫∫  , 

 
where H0 is the value of the vacuum magnetic field (i.e. before the fluid was introduced), and it is 
assumed that the ‘magnetic charges’ responsible for creation of the vacuum field are held constant while 
the fluid is introduced into the field volume.  The term 

ΔUM ≡ − 1
2

µ0MH 0 dxdydz∫∫∫  

is the energy change in the system associated with the presence of the magnetic fluid volume. 
The dependence of ΔUM  on the shape and orientation of the fluid volume can be understood by 

invoking the concept of a ‘demagnetizing field’ within the fluid: the magnetization of the fluid will reduce 
the intensity of the field internal to the fluid according to H = H 0 − NM , where N is the shape-dependent 
demagnetizing factor.  The magnetization within the fluid can then be written 

 

M =
µr −1( )

1+ N µr −1( )H 0  

 
so that now 

 

ΔUM ≡ − 1
2

µ0
µr −1( )

1+ N µr −1( )
⎡

⎣
⎢

⎤

⎦
⎥H 0

2 dxdydz∫∫∫ . 

 
An analogous derivation can be used to express the change in system energy attributable to the 

introduction of an electrically responsive fluid volume into a region of electric field E0 by replacing M 
with P, H with E and µ  with ε .  For a non-conductive linear dielectric fluid the system energy change is 
then 

 

ΔUE = − 1
2

ε0
ε r −1( )

1+ N ε r −1( )
⎡

⎣
⎢

⎤

⎦
⎥E0

2 dxdydz∫∫∫  

 
where E0 is now the ‘vacuum’ electric field before the introduction of the fluid. The factor N, while 
usually referred to as the depolarization factor in this context, is in fact the exact same shape-dependent 
function as that used to express the demagnetization. 

The electric energy associated with the fluid takes on a slightly different form for an electrically 
conductive fluid.  In this case the depolarization field within the fluid is complete such that the internal 
electric field is exactly zero, or ε0E = ε0E0 − NP = 0  meaning that the polarization can be written as 
P = ε0E0 N  and the change in system energy attributable to the fluid becomes 

ΔUE = − 1
2

ε0
1
N
E0
2 dxdydz∫∫∫  . 
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When the pool of ILFF is then placed within an electric and magnetic field the change in potential 
energy of the system due to the presence of the magnetized and conductive fluid is expressed as the sum  

 

ΔU = 1
2
ρg z2 (x, y)dxdy∫∫ +σ 1+ ∇z( )2 dxdy∫∫ − ...

                    ... 1
2

µ0
µr −1( )

1+ N µr −1( )
⎡

⎣
⎢

⎤

⎦
⎥H 0

2 dxdydz∫∫∫ − 1
2

ε0
1
N
E0

2 dxdydz∫∫∫
 

 
The equilibrium shape assumed by the fluid under these combined effects is such that the net energy 

of the system is minimized.19  Thus while a curved fluid surface having protrusions extending in the 
vertical direction increases the gravitational and surface tension potential energy over a flat pool, the 
elongated fluid features aligned with the electric and magnetic field concomitantly decrease the magnetic 
and electric potential energy until a balance is struck. 

The de-magnetizing/de-polarizing factor N is a number less than or equal to unity that can be 
analytically determined for simple shapes such as planar slabs (N=1), spheres (N=1/3), and spheroids,42 
however it is true that for a general arbitrary shape the value of N is reduced as that shape is stretched or 
made more prolate along the direction of the applied field.43  Thus, when E0 = 0  and H 0 ≠ 0  the 
Rosensweig instability represents a balance where the magnetic energy of the system is reduced when the 
fluid forms elongated structures aligned with a vertical magnetic field.  This behavior is exemplified by 
the well documented distortion of discrete magnetic fluid droplets subjected to a field H. 3,4,31,32 

When E and H are aligned both the magnetic and electric potential energies favor fluid configurations 
that are elongated in the common field direction so that N is reduced in magnitude. 35,36  As N decreases 
so too does the system energy associated with the electric and magnetic fields.  The magnetic field thus 
does ‘more’ than simply create a pointed fluid meniscus from which a purely electrostatic spray is 
induced.  Instead, when an electric field is applied to a pre-formed Rosensweig instability the distortion of 
the fluid peaks is greater than can be described by the electrostatic stress alone. The result is an ever-
sharpening fluid meniscus that displays breakdown to spray emission at a lower voltage than would be 
expected in a purely electrostatic configuration. 

 

III. Linear Stability Analysis of Jet Breakup 
While many modes of electrospray emission can occur, the canonical “cone-jet” mode has a 

cylindrical jet extending from the apex of a Taylor cone.  This jet then breaks up due to capillary 
instability resulting in atomized liquid drops.  Much can be learned about electrospray emission by 
studying the behavior of the thin jet.  In this section we analyze the stability of a simple liquid cylinder 
under the action of surface tension, electric, and magnetic stress; while the methods used here are well 
developed, no analysis of the combined magnetic/electric/capillary effect could be located in the literature 
and the results here are believed to be new. 

We consider a cylindrical jet of magnetic fluid with radius  surrounded by vacuum.  An axial 
magnetic field is imposed by external sources having constant value H0 = H 0êz  .  We use linear stability 
theory to search for solutions where the jet parameters are described by  ,  , and 

.  The subscripts 0 refer to stable equilibrium solutions while the primes denote small 
perturbations.  The perturbations are assumed to have both axial and azimuthal periodicity, e.g. the jet 
surface is described by 

 
 

 . 

r0

r = r0 + ′r H = H0 + ′H
E = E0 + ′E

r = r0 +ς (z,θ ,t)
ς (z,t) = a0e

i ω t−mθ−kz( )
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The fluid is a perfect electrical conductor and is biased to a potential  with respect to an outer 

grounded cylindrical electrode having radius .  The potential difference induces a layer of surface 
charge on the jet, with the free charge density inside the jet exactly zero. There is no axial electric field 
and convective current is ignored so the jet has no electrical current.  We consider only perturbations 
where 1 ω  is long compared to the time it takes for an electromagnetic plane wave to propagate across 
the jet length scale (quasistatic limit).  The relevant Maxwell equations for this system are reduced to 

 
  

∇×H = 0
∇⋅µH = 0
∇×E = 0
∇⋅εE = 0

  

 
At the jet/vacuum interface the magnetic field boundary conditions must satisfy the two jump 

constraints µHn( )1 = µHn( )2   and Ht1 = Ht2  where subscripts 1,2 denote fields inside/outside of the jet, 
subscript n refers to the component normal to the jet surface, and subscript t denotes the component 
tangential to the jet surface. 

We further assume the fluid is inviscid so that the velocity field within the jet can be described using 
a potential flow function.  Taking  the fluid must satisfy 

 
 . 

 
At the surface of the jet the normal component of the fluid velocity must equal the rate of 

displacement of the surface, which yields the so-called kinematic boundary condition 
 

  at  . 

 
Both the magnetic and electric fields are curl-free, so they can be expressed in terms of potential 

functions  and  .  The Maxwell relations reduce to a pair of Laplace equations: 
 

∇2ψ = 0
∇2φ = 0

 . 

 
Thus the velocity, magnetic, and electric fields are described by Laplace equations and their solution 

techniques are of course identical.  Considering, for instance, the velocity potential we look for solutions 
like 

 
 . 

 
When this form of is inserted into the Laplace equation in cylindrical coordinates the result is a 

Bessel equation 
 

  

V0
R0

V = −∇Φ

∇2Φ = 0

vn = vr =
∂ς
∂t r = r0

H = −∇ψ E = −∇φ

Φ = Φ̂R(r)ei ω t−mθ−kz( )

Φ

d 2R
dr2

+ 1
r
dR
dr

− k2 + m
2

r2
⎛
⎝⎜

⎞
⎠⎟
R = 0
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whose solution is 

 
  

 
where  is the modified Bessel function of the first (second) kind of order m.  Enforcing the 
kinematic boundary condition and requiring the potential to be finite at r=0 yields the unknown constants 
and thus the solution 

 

Φ = −iωa0Im (kr)
kIm+1(kr0 )

ei(ω t−mθ−kz )  . 

 
The magnetic potential is ψ =ψ 0 + ′ψ = H 0z + ′ψ  where ′ψ  was first given by Taktarov24 
 

′ψ 1 = a1Im (kr)e
i ω t−mθ−kz( )

′ψ 2 = a2Im (kr)+ b2Km (kr)[ ]ei ω t−mθ−kz( )   

 
The constants are determined by enforcing the jump constraints on the magnetic potential, which are 
expressed as µn̂ ⋅∇ψ 1 = µ0n̂ ⋅∇ψ 2  and ψ 1 =ψ 2  , resulting in 

 

a1 =
ia0H 0 µ − µ0( )

µIm+1(kr0 )− µ0AIm (kr0 )

a2 =
ia0H 0 µ − µ0( ) Im (kr0 )Km (kr0 )

µIm+1(kr0 )− µ0AIm (kr0 )[ ] Im (kr0 )Km (kR0 )− Im (kR0 )Km (kr0 )[ ]
b2 =

−a2Im (kR0 )
Km (kr0 )

A = Im+1(kr0 )Km (kR0 )+ Im (kR0 )Km+1(kr0 )
Im (kr0 )Km (kR0 )− Im (kR0 )Km (kr0 )

  

 
The solution for the electric potential, with the jet surface held at V0  , is given for instance by 

Artana33 
 

φ = φ0 + ′φ =
V0 ln R0 r( )
ln R0 r0( ) + ′φ   

 
where 

 

R(r) = c1Im (kr)+ c2Km (kr)

Im Km( )
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′φ = −V0
ln R0 r0( ) a3Im (kr)+ b3Km (kr)[ ]a0ei(ω t−mθ−kz )

a3 = r0Im (kr0 )(1− β )[ ]−1

b3 = r0Km (kr0 ) 1−1 β( )⎡⎣ ⎤⎦
−1

β = Km (kr0 )Im (kR0 )
Im (kr0 )Km (kR0 )

  

 
 

A dispersion relation is obtained by enforcing stress equilibrium at the surface of the jet. The 
hydrodynamic and magnetic pressures and the electrostatic and magnetic surface tractions must equal the 
capillary pressure (since the pressure external to the jet is zero): 

 
p + pm + pE + pn = pc

p + µ0 M dH
0

H

∫ + 1
2
ε0E

2 + 1
2
µ0Mn

2 = 2χσ
  

where Mn  is the component of fluid magnetization normal to the jet surface, 2χ  is the mean surface 
curvature, and σ  is the coefficient of surface tension. 

For the undisturbed equilibrium jet the applied magnetic field H0 = H 0êz  is purely axial, so the fluid 
magnetization M0  has no component normal to the surface and the magnetic surface stress 

pn0 = 12µ0Mn0
2 ≡ 0 . Because µ0M = µ − µ0( )H  we can write the magnetic pressure as 

pm0 = M dH
0

H0

∫ = µ − µ0( ) 12H 0
2  .  The stress balance at the surface of the undisturbed jet is then 

p0 + µ − µ0( ) 1
2
H 0

2 + 1
2
ε0E0

2 = σ
r0

  

with E0 = −∇φ0  . 
 

We then must express the stress balance for the perturbed jet and subtract from it the unperturbed 
balance above to arrive at a dispersion relation describing only the small amplitude wave solutions.  
Keeping only terms linear in perturbed quantities yields the perturbed value of the magnetic pressure 

 

pm = µ0 M dH
0

H

∫

= µ − µ0( )H dH
0

H

∫

= µ − µ0( ) 1
2
H 2

= µ − µ0( ) 1
2
H 0 + ′H( )2

≈ µ − µ0( ) 1
2
Hz0

2 + 2Hz0Hz
′( )
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where Hz0 = H 0   and Hz
′ = −∂ψ 2

′
∂z

= −ikψ 2
′  .  Similarly, the perturbed value (linearized) of the electric 

stress can be calculated from 
 

pE =
1
2
ε0E

2

= 1
2
ε0 E0 + ′E( )2

≈ 1
2
ε0 Er0

2 + 2Er0Er
′( )

  

 

with Er0 =
−∂φ0
∂r

 and Er
′ = −∂ ′φ

∂r
 . 

 

The perturbed value of magnetic normal stress is zero since Mn
2 = Mn0 +Mn

′( )2 = Mn
′2 ≈ 0 .   To 

calculate the perturbed capillary pressure we can express the surface curvature as the divergence of the 
surface normal vector resulting in 

 

2χ = ∇⋅ n̂ = 1
r0
− ς
r0
2 1− mr0( )2 − kr0( )2⎡
⎣

⎤
⎦  . 

 
The perturbed stress balance at r = r0  is then written as 

p + µ − µ0( ) 1
2
H 0

2 + ikH 0ψ 2
′⎛

⎝⎜
⎞
⎠⎟ +

1
2
ε0

V0
2

r0
2 ln R0 r0( )⎡⎣ ⎤⎦

2 + 2
V0

r0 ln R0 r0( )
∂ ′φ
∂r

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟
= σ
r0
− σς
r0
2 1− mr0( )2 − kr0( )2⎡
⎣

⎤
⎦   

 
 
When the unperturbed pressure is subtracted from that in the perturbed flow the result can be 

expressed in terms of the velocity potential as 
 

p − p0 = ρ ∂Φ
∂t r=r0

= ρω 2a0Im (kr0 )
kIm+1(kr0 )

ei ω t−mθ−kz( )  . 

 
 

Then, subtracting the unperturbed stress balance equation from the full perturbed stress balance and 
re-arranging terms results in a convenient non-dimensional form for the dispersion relation  

 
ω 2

σ
ρr0

3

= Ωσ +ΩH +ΩE  

 
where the contributions of surface tension, magnetic, and electric effects are isolated as Ωσ  , ΩH  , and 
ΩE  : 
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Ωσ ≡ −kr0 1− mr0( )2 − kr0( )2⎡
⎣

⎤
⎦
Im+1(kr0 )
Im (kr0 )

ΩH ≡ ΓH

1− µr( )2 kr0( )2
µr Im+1(kr0 )− AIm (kr0 )[ ]

XIm+1(kr0 )
Im (kr0 )

Im (kr0 )−
Im (kR0 )Km (kr0 )

Km (kR0 )
⎡

⎣
⎢

⎤

⎦
⎥

ΩE ≡ ΓE

kr0( )2 Im+1(kr0 )
Im (kr0 )

Im+1(kr0 )
Im (kr0 ) 1− β( ) −

Km+1(kr0 )
Km (kr0 ) 1−1 β( )

⎡

⎣
⎢

⎤

⎦
⎥

X ≡ Im (kr0 )Km (kr0 )
Im (kr0 )Km (kR0 )− Im (kR0 )Km (kr0 )

A ≡ Im+1(kr0 )Km (kR0 )+ Im (kR0 )Km+1(kr0 )
Im (kr0 )Km (kR0 )− Im (kR0 )Km (kr0 )

β ≡ Km (kr0 )Im (kR0 )
Im (kr0 )Km (kR0 )

ΓH ≡ µ0H 0
2

σ
r0

ΓE ≡
ε0V0

2

σ r0 ln R0 r0( )⎡⎣ ⎤⎦
2

  

 
The amplitude of the magnetic influence is given by the magnitude of ΓH   and similarly the effect of 
electric influence is given by ΓE  . 

Stability diagrams for neutral, electrically charged, and magnetic jets can be analyzed by plotting the 
dispersion relation and examining the effects of various terms as shown in Figure 2.  Here the non-

dimensional term characterizing the perturbation frequency, 
ω 2

σ ρr0
3  , is plotted against kr0( )−1 = λ 2πr0  , 

where λ  is the spatial wavelength of the perturbation.  Positive values of 
ω 2

σ ρr0
3 denote solutions where 

ω  is real and thus the solutions are stable oscillatory waves.  Negative values of 
ω 2

σ ρr0
3 indicate that ω  

is complex having two conjugate solutions.  One of these conjugates will have a negative imaginary part, 

which will cause exponential growth of the perturbation.  Thus, negative values of 
ω 2

σ ρr0
3  denote 

unstable solutions.  The black curves in Figure 2 represent a neutral (neither electrically charged nor 
magnetic) jet displaying the well-known Rayleigh-Plateau instability.  The axisymmetric m=0 mode for 
the neutral jet is stable for any perturbation having wavelength smaller than the jet circumference

kr0( )−1 = 1 , while all larger wavelengths are unstable and result in jet breakup.  The magnitude of  
ω 2

σ ρr0
3

 
is related to the growth rate of the perturbation, hence the minimum in the curve denotes the fastest 
growing wave whose wavelength is given by kr0( )−1 ≈1.4  for the neutral m=0 mode.  The fastest growing 
wave will be the physically observed solution and thus the resulting droplet size after breakup is 
determined by this wavelength.  The m=1 (and all higher non-axisymmetric modes) of a neutral jet are 
stable for all wavelengths. 
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The effects of electrification and magnetization are evident in Figure 2.  A weakly electrified jet is 
shown having ΓE = 0.057  corresponding to, for example, a jet with surface tension σ = 0.036  N/m, 
radius of r0 = 10

−6m , biased to a potential of 300 V coaxial with a grounded cylindrical outer electrode 
having R0 = 5mm .  These parameters are easily accessible and representative of an ionic liquid 
electrospray of EMIM-NTf2.  Electrification of the jet is seen to shift both the critical wavelength for 
stability and the wavelength of maximum growth for the m=0 mode to shorter values resulting in smaller 
droplets.  Additionally the growth rate of the fastest growing mode is larger for the electrified jet so that 
breakup happens more quickly.  The m=1 mode of the weakly charged jet is still stable for all 
wavelengths.  In contrast to the electric jet, an axial magnetic field acting on a magnetized jet is seen to 
stabilize the flow.  The red curves have ΓH = 0.022  corresponding to, for example, a jet with surface 
tension σ = 0.036  N/m, radius of r0 = 10

−6m , and relative permeability µr = 10  embedded in a 100 
Gauss axial magnetic field.   The magnetic interaction stabilizes the m=0 mode of the jet by increasing the 
critical wavelength so that a broader range of waves are stable, increasing the wavelength of the fastest 
growing mode, and decreasing the growth rate of the fastest growing mode.  A jet that is both charged and 
magnetized displays offsetting effects depending upon the relative strength of the electric and magnetic 
contributions. 

 
 

 
Figure 2. Dispersion relation for weakly electric and magnetic jets.  The black curve has ΓH = ΓE = 0  and 
the result is the well known Rayleigh-Plateau instability for a fluid jet.  The green curve is a conducting jet in 
a weak electric field having ΓE = 0.057  with ΓH = 0 .  The red curve is a weakly magnetic jet having 
ΓH = 0.022  and µr = 10   with ΓE = 0  .  The blue curve is both electric and magnetic with ΓE = 0.057   and 
ΓH = 0.022  . 
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A highly charged electrical jet, such as that encountered in electrospray, is known to drastically 
change the breakup behavior when compared to a neutral jet. Figure 3 shows the same jet from Figure 2, 
however the jet potential is now 1,000 V resulting in ΓE = 0.637  .  The m=0 mode of the electrified jet 
has a much faster growth rate than the neutral jet with both critical wavelength and wavelength of fastest 
growth shifted to shorter values.  As a result the electrified jet quickly breaks up into very small droplets.  
Furthermore the m=1 mode of the charged jet is now unstable, causing the so-called atomization regime 
of electrospray.  Even a weak magnetic influence can temper the resulting electrical instabilities.   When 
the weak magnetic effects (ΓH = 0.022 ) are included the effect of electric charge is somewhat mitigated, 
but the charged magnetic jet is still unstable to both m=0 and m=1 modes. 

 

 
Figure 3. Dispersion relation for strongly electric and weakly magnetic jets.  The black curve has 
ΓH = ΓE = 0 . The green curve is a conducting jet in a strong electric field having ΓE = 0.63  with ΓH = 0  .  
The red curve is a weakly magnetic jet having ΓH = 0.022  and µr = 10   with ΓE = 0  .  The blue curve is 
strongly electric and weakly magnetic with ΓE = 0.63   and ΓH = 0.022  . 

 
If the magnetic effects are even moderately increased, say by applying a 300 Gauss magnetic field so 

that ΓH = 0.199 , the stability behavior of the charged magnetic jet is shifted drastically compared to the 
charged jet.  Figure 4 shows the dispersion relation for strong electric (ΓE = 0.637 ) and moderate 
magnetic effects.  The magnetic field almost completely stabilizes both the m=0 and the m=1 mode and, 
in fact, the m=1 mode is now dominant over the m=0 mode having higher growth rate and shorter critical 
wavelength. 
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Figure 4. Dispersion relation for strongly electric and mildly magnetic jets.  The black curve has 
ΓH = ΓE = 0 . The green curve is a conducting jet in a strong electric field having ΓE = 0.63  with ΓH = 0  .  
The red curve is a moderately magnetic jet having ΓH = 0.199  and µr = 10   with ΓE = 0  .  The blue curve 
is strongly electric and moderately magnetic with ΓE = 0.63   and ΓH = 0.199  . 

 

IV. Conclusions 
The magnetic contributions to cone and jet formation in an ionic liquid ferrofluid electrospray 

significantly change the behavior compared to conventional electrohydrodynamic theory.  The analyses in 
this paper are far from complete, however they do expose some of the key differences.  The cone 
formation was described by studying the trade-off between gravitational, surface tension, electric, and 
magnetic potential energy and how these parameters depend upon fluid geometry.  By invoking the 
concept of demagnetization/depolarization this paper shows that the electric and magnetic fields act in 
concert to elongate and thus sharpen fluid tips in a manner not possible by either field alone.  An 
intriguing challenge, that remains unsolved in the present paper, is to predict the onset voltage required to 
produce electrospray given fluid properties and a given magnetic field. 

The stability bounds of an electric and magnetic fluid jet were shown to shift radically from those of a 
purely electric jet.  For even moderate magnetic fields applied to conductive ferrofluids the result was 
strong stabilization of both axisymmetric and non-axisymmetric modes.  Important effects were ignored 
in the stability derivation that, when included, will likely yield even more intriguing behavior.  
Specifically, the effects of viscosity and axial electric field need to be included in order to bring the 
stability analysis more inline with physical instantiations of electrospray. 
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